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Abstract 

In this paper we prove that all manifolds with affine connection 
are globally projectively equivalent to some space with equiaffine con- 
nection (equiaffine manifold). These manifolds are characterised by a 
symmetric Ricci tensor. 

1 Introduction 

Diffeomorphisms between two spaces An and An with affine connection are 
called geodesic, if any geodesic of An is mapped to a geodesic of An, see for 
example [1] - [15], etc. 

Affine (or trivial geodesic) mappings are mappings which preserve canoni- 
cal parameters of geodesies. Many papers are devoted to the metrizability or 
projective metrizability of spaces with affine connection. Under metrizabil- 
ity of a space An we understand the existence of a metric g, which generates 
the affine connection V, such that V is the Levi-Civita connection of g (for 
which V g = 0), see [H [21 El [ID]- On the other hand, the problem of metriz- 
ability, respectively projective metrizability, is equivalent to that of affine, 
respectively geodesic, mappings of a space An with affine connection onto 
(pseudo-) Riemannian spaces. 

Equiaffine spaces, characterised by the symmetry of the Ricci tensor, are 
spaces in which the volume of an n dimensional parallelepiped is invariant 
under parallel transport, play an important role in the theory of geodesic 
mappings. J. Mikes and V.E. Berezovski [3 [ID! found fundamental equations 
of geodesic mappings of equiaffine spaces onto (pseudo-) Riemannian spaces 
in the form of systems of linear partial differential equations of Cauchy type 
in terms of covariant derivatives. These results were used for further studies 
by M.G. Eastwood and V. Matveev [I]. 
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In the paper by I. Hinterleitner, J. Mikes and V.A. Kiosak it was 
proved that any space with affine connection is locally projective equiaffine. 
We show that these properties hold globally, i.e. any arbitrary manifold with 
affine connection globally admits geodesic mappings onto some equiaffine 
manifold. 

For this reason the solution of the problem of the projective metrizability 
of a space An (or equivalently of geodesic mappings of An onto (pseudo-) Rie- 
mannian manifolds Vn) can be realized as geodesic mapping of the equiaffine 
space An, which is projectively equivalent to the given space An. 

2 Main properties of geodesic mappings 

Let An = (M, V) be a manifold M with affine connection V. We suppose 
that V is torsion-free, i.e. VxY — VyX = [X, y], where [ , ] is the Lie 
bracket: [X, Y]f = X{Yf) - Y{Xf) for / G J^(M). Here and after X,Y, ... 
are tangent vectors. 

The curvature R of a manifold An is a tensor field of type (1, 3) defined 

by 

RiX,Y)Z = Vx(VyZ) - Vy(Vx^) - V[X,Y]Z, (1) 

called sometimes also the Riemannian tensor of the connection. 

We can introduce the Ricci tensor Ric of type (0, 2) as a trace of a linear 
map, namely: 

Ric{X, Y) = tmce{V ^ R{X, V)Y}. 

A manifold An with a torsion-free (symmetric) affine connection is called 
equiaffine manifold, if the Ricci tensor is symmetric , i.e. (p ^ fTTl [T^ ) 

Rtc{X,Y) = Ric{Y,X). 

It is known flUl [TTl [H] that (pseudo-) Riemannian spaces are equiaffine 
manifolds. 

A manifold An = (M, V) with affine connection admits a geodesic map- 
ping onto An = (M, V), if and only if the Levi-Civita equation holds [H El 

VxY = VxY + ^{X)Y + ^{Y)X, (2) 

where V and V are the affine connections of An and An respectively, and 
-0 is a linear form. 

Geodesic mappings with ip = are trivial or affine. 
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After applying formula ([T]) for the curvature tensor and expression to 
a geodesic mapping An — > An we found a relationship between the curvature 
tensors R and R of A„ and An- 

RiX,Y)Z = RiX,Y)Z 

+ {^{X, Y) - 4j{Y, X)) Z + ^{X, Z)Y- ^(y, Z) X, 

where 

Y) = VyV'(X) - ijiX)t/jiY). (4) 
By contraction of (JSj) we obtain the following relation for the Ricci tensors 

Ric{X,Y) = Rtc{X,Y) + ni;{X,Y) - tPiY, X). (5) 

3 Main results 

Suppose An ^ C^, i.e. the components of the afiine connection V of An are 
functions of type on all charts of the manifold M. 

In our paper [9J we proved that any manifold An with affine connection 
is locally projectively equiafiine. 

The following theorem holds generally: 
Theorem All manifolds An with affine connection are projectively equiaffine. 

Remark. In other words, an arbitrary manifold An G admits a global 
geodesic mapping onto an equiaffine manifold An, and moreower An & C^. 

Proof. We prove the existence of a geodesic mapping of An = (M, V) G 
onto an equiaffine manifold An = (M, V). 

It is known that on the manifold M exists globally a metric, say g. Now 
we can construct the metric g so that g E C^, i.e. the components gij of g 
in a coordinate domain of M are functions of type C^. We denote by V the 
Levi-Civita connection of g. 

We construct the one-form in the following way 

^[X) = --^iia.ce{Y ^VxY -VxY). (6) 

With the help of formula ^ applied to if) we construct globally the affine 
connection V on M. It is evident that An is geodesically mapped onto An = 
(M, V), and, evidently, A„ G 

Now we prove that An is equiaffine. It is sufficient to calculate that 

mc{X,Y) = Ric{Y,X), 
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where Ric is the Ricci tensor of An- 
From follows 

Ric{X, Y) - Ric{Y, X) + {n + Y) - ^{Y, X)) = 0, 

where Ric is the Ricci tensor of An. Further we use relation (jlj): 

Ric{X, Y) - Ric{Y, X) + {n+ l)(VyV'(^) - ^xi^{Y)) = 0. 

After using (jlj) and we can see that this equation holds identically. □ 

Remark. The equiaffine connection V constructed in this way is constructed 
explicitly from the original connection V. 

Similarly it could be shown that a manifold with projective connection 
admits a geodesic mapping onto a manifold with equiaffine connection. 

References 

[1] M. Eastwood, V. Matveev, Metric connections in projective differential 
geometry, The IMA Volumes in Math, and its Appl. 144, 339-350 (2008). 

[2] L.P. Eisenhart, Riemannian Geometry, Princeton Univ. Press, 1926. 

[3] L.P. Eisenhart, Non- Riemannian geometry, Amer. Math. Soc. Collo- 
quium Publ. 8, 2000. 

[4] S. Kobayashi and K. Nomizu, Foundation of Differential Geometry 
(Vol. 1, Interscience. Publ. New York-London, 1963; Vol. 2, Interscince. 
Publ., New York-London-Sydney, 1969). 

[5] T. Levi-Civita, Sulle trans formazioni delle equazioni dinamiche, Ann. 
Mat. Milano 24, 2 (1886). 

[6] J. Mikes, Geodesic mappings of affine- connected and Riemannian spaces, 
J. Math. Sci. 78, 3 (1996). 

[7] J. Mikes, V. Berezovski, Geodesic mappings of affine- connected spaces 
onto Riemannian spaces, Colloq. Math. Soc. J. Bolyai, 56. Diff. Geom. 
Eger (Hungary), (1989). 

[8] J. Mikes, I. Hinterleitner, V. Kiosak, On the Theory of Geodesic Map- 
pings of Einstein Spaces and their Generalizations, AIP Conf. Proc. 861, 
428-435 (2006). 



4 



[9] J. Mikes, I. Hinterleitner, V. Kiosak, On geodesic mappings of affine 
connection manifolds, Acta Physica Debrecina 42, 19-28 (2008). 

[10] J. Mikes, V. Kiosak, A. Vanzurova, Geodesic Mappings of Manifolds 
with Affine Connection, Palacky University Press, 2008. 

[11] A. P. Norden, Spaces of an Affine Connection, Nauka, Moscow, 1976. 

[12] A.Z. Petrov, New Methods in Theory of General Relativity, Nauka, 
Moscow, 1966. 

[13] Z. Radulovic, J. Mikes, M. Gavrilchenko, Geodesic Mappings and De- 
formations of Riemannian Spaces, Publisher, Podgorica, CID; Odessa, 
OGU, 1997. 

[14] N.S. Sinyukov Geodesic Mappings of Riemannian Spaces, Nauka, 
Moscow, 1979. 

[15] T.Y. Thomas, On projective and equiprojective geometries of paths, 
Proc. Nat. Acad. Sci. USA 11, 198-203 (1925). 



5 



